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ÄçìÞôñçò Ðáíáãüðïõëïò

1 Áêïëïõèßåò óåéñÝò

¢óêçóç 1.1 Íá âñåèïýí ôá üñéá ôùí áêïëïõèéþí an = 1+2k+:::+nk

nk+1
, bn =

(
n+3
n+1

)n
,

cn = n
√
3n + 4n + 5n.

¢óêçóç 1.2 Íá âñåèïýí ôá üñéá ôùí áêïëïõèéþí an = 2n+n
3n−n , bn = 3n+1−2n

5n .

¢óêçóç 1.3 Íá õðïëïãéóôåß ç óåéñÜ
∑=∞

n=1
1

n(n−1) .

¢óêçóç 1.4 Íá âñåèåß áí óõãêëßíïõí Þ ü÷é ïé óåéñÝò:

+∞∑
n=1

n

2n+ 1
;

+∞∑
n=1

n3

3n
;

+∞∑
n=1

(
n

3n+ 5

)n

:

¢óêçóç 1.5 Íá ìåëåôçèåß ùò ðñïò ôç óýãêëéóç ç
∑+∞

n=1 an, áí:

an =

{ (
n2+5n+3
3n2+4n+1

)n
, áí n ðåñéôôüò(

1− 1
n

)2
, áí n Üñôéïò

¢óêçóç 1.6 Íá õðïëïãéóôïýí ôá áèñïßóìáôá:
∑+∞

n=1
3n+5
n! ,

∑+∞
n=1

n+1
(n+2)(n+3)(n+4)

(Õðüäåéîç.
∑+∞

n=0
xn

n! = ex.)

2 ÓõíáñôÞóåéò - Ïëïêëçñþìáôá

¢óêçóç 2.1 Íá ìåëåôçèåß ç y = e−x
2
.

(Ðåäßï ïñéóìïý, åîÝôáóç óõììåôñßáò, ðñïóäéïñéóìüò áóõìðôþôùí, óõíÝ÷åéá,
ìïíïôïíßá, ôïðéêÜ áêñüôáôá, êáìðõëüôçôá, óçìåßá êáìðÞò, óýíïëï ôéìþí.)

¢óêçóç 2.2 Íá õðïëïãéóôïýí ôá üñéá: limx→0
sinx

(1−cos(3x))2 , limx→0
1−cosx

x2 .

¢óêçóç 2.3 Íá âñåèåß ç dy
dx

áí x = cost êáé y = sint.

(Õðüäåéîç. d
dt
arccos(x) = −1√

1−x2
.)

¢óêçóç 2.4 Áí f |[0; 7] ìå f(0) = 7, f(4) = 11, f(7) = 14. Áí ç f åßíáé äõï
öïñÝò ðáñáãùãßóéìç óôï [0; 7] íá äåßîåôå üôé õðÜñ÷åé î ∈ (0; 7) ìå f ′′(î) = 0.

(Õðüäåéîç. (Èåþñçìá ìÝóçò ôéìÞò äéáöïñéêïý ëïãéóìïý) Áí ç f :
[a; b] → R åßíáé ðáñáãùãßóéìç óôï (a; b), ôüôå õðÜñ÷åé îin(a; b) þóôå f ′(î) =
f(b)−f(a)

b−a .)
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ÄçìÞôñçò Ðáíáãüðïõëïò 3 ÄÉÁÖÏÑÉÊÅÓ ÅÎÉÓÙÓÅÉÓ

¢óêçóç 2.5 Íá õðïëïãéóôåß ôï:∫ +∞

0
(x2 + 3x+ 2)e−2xdx = lim

k→+∞

∫ k

0
(x2 + 3x+ 2)e−2xdx:

¢óêçóç 2.6 Íá õðïëïãéóôïýí ôá ïëïêëçñþìáôá
∫
x2sin(x3)dx,

∫
2x

3√
x2+1

dx.

¢óêçóç 2.7 Íá õðïëïãéóôåß ôï ïëïêëÞñùìá
∫

2x−1
(x−1)(x+2)(x−3)dx.

¢óêçóç 2.8 Íá âñåèåß ôï åìâáäüí ôïõ ÷ùñßïõ ðïõ ðåñéêëåßåôáé áðü ôïí ïñé-
æüíôéï Üîïíá, ôéò åõèåßåò x = −1; x = 2 êáé ôç ãñáöéêÞ ðáñÜóôáóç ôçò

f(x) =

{
−x2 + 3; x < 1
2
√
x; x ≥ 1

¢óêçóç 2.9 Áí f(x) = 3x2 ôüôå íá âñåèåß å åîßóùóç ôçò åöáðôïìÝíçò ôçò
ãñáößêÞò ðáñÜóôáóçò ôçò f óôï óçìåßï Á(1; 3) êáèþò êáé ôï åìâáäüí ôïõ ÷ùñßïõ
ìåôáîý ôçò ãñáöéêÞò ðáñÜóôáóçò ôçò f , ôçí åöáðôïìÝíç ôçò óôï Á êáé ôïí
ïñéæüíôéï Üîïíá.

¢óêçóç 2.10 Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý ðïõ ðñïêýðôåé áðü ôçí ðå-
ñéóôñïöÞ ãýñù áðü ôïí ïñéæüíôéï Üîïíá ôïõ ÷ùñßïõ ðïõ ðåñéêëåßåôáé áðü ôïí
ïñéæüíôéï Üîïíá, ôçí ãñáöéêÞ ðáñÜóôáóç ôçò f(x) =

√
x êáé ôçí åõèåßá x = 4.

3 ÄéáöïñéêÝò Åîéóþóåéò

¢óêçóç 3.1 Íá ëõèåß ç äéáöïñéêÞ åîßóùóç y2y′ − 4x = 0.

¢óêçóç 3.2 Íá ëõèåß ç äéáöïñéêÞ åîßóùóç x
y
y′ = 3 áí x > 0 êáé y(1) = 2.

Ìéá óõíÜñôçóç f(x; y) ëÝãåôáé ïìïãåíÞò (âáèìïý k) áí f(tx; ty) = tkf(x; y).
Ãéá ðáñÜäåéãìá ç f(x; y) = x2y + y3 åßíáé ïìïãåíÞò âáèìïý 3 áöïý f(tx; ty) =
(tx)2ty + (ty)3 = t3(x2y + y3) = t3f(x; y).

Áí Ý÷ïõìå ìéá äéáöïñéêÞ åîßóùóç Áx; y)dx+ B(x; y)dy = 0 üðïõ ïé A(x; y)
B(x; y) åßíáé ïìïãåíÞò ôüôå èÝôïõìå y = ux (äçë. y(x) = xu(x)). Ôüôå dy =
udx+ xdu.

Ãéá ðáñÜäåéãìá áí Ý÷ïõìå ôç äéáöïñéêÞ åîßóùóç x2ydx+(y3+x3)dy = 0 ôüôå
Á(x; y) = x2y, B(x; y) = x3+y3 ïìïãåíåßò âáèìïý 3 áöïý A(tx; ty) = t3A(x; y),
B(tx; ty) = t3B(x; y)4.

ÈÝôïõìå y = xu êáé óõíåðþò dy = udx+ xdu. ¢ñá ç åîßóùóç ãñÜöåôáé:

x3udx+ (x3u3 + x3)(udx+ xdu) = 0

(2u+ u4)dx+ x(u3 + 1)du = 0

u3 + 1

2u+ u4
du = −1

x
dx

óõíåðþò ïëïêëçñþíïõìå êáé Ý÷ïõìå:∫
u3 + 1

2u+ u4
du = −

∫
1

x
dx

¸ôóé âñßóêïõìå ôç óõíÜñôçóç u(x) êáé ìåôÜ âñßóêïõìå ôç y(x).
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ÄçìÞôñçò Ðáíáãüðïõëïò 5 ÁÍÁÐÔÕÃÌÁ TAYLOR

¢óêçóç 3.3 Íá ëõèïýí ïé åîéóþóåéò (x2 − 2y2)dx+ xydy = 0, y′ = x3+y3

xy2
.

4 ÃåíéêÝò áóêÞóåéò

¢óêçóç 4.1 i. Áí ç f |[a; b] åßíáé óõíå÷Þò íá äåé÷èåß üôé ç F (x) =
∫ x

a
f(t)dt

åßíáé ðáñáãùãßóéìç óôï [a; b] ìå F ′(x) = f(x).

ii. Íá õðïëïãéóôïýí ôá üñéá limx→0

∫
x

0 (t−sint)dt
x4 , limx→+∞

∫
x

0 e2t
√
4t2+1dt

xe2x
.

¢óêçóç 4.2 i. Íá áíáëõèåß óå áðëÜ êëÜóìáôá ç óõíÜñôçóç f(x) = 1
(x+1)(x+2)(x+3) .

ii. Íá âñåèåß ôï Üèñïéóìá ôçò óåéñÜò
∑+∞

n=1
1

(n+1)(n+2)(n+3) .

iii. íá õðïëïãéóôåß ôï ïëïêëÞñùìá
∫ +∞
0

1
(x+1)(x+2)(x+3)dx.

¢óêçóç 4.3 Íá äåé÷èåß üôé ln
√
x ≤ x−

√
x ãéá êÜèå x ≥ 1. (Õðüäåéîç: ïñßóôå

êáôÜëëçëç óõíÜñôçóç êáé âñåßôå ôá áêñüôáôÜ ôçò.) Óôç óõíÝ÷åéá íá ìåëåôçèåß

ùò ðñïò ôç óýãêëéóç ç óåéñÜ
∑+∞

n=1
ln
√
n√

n5
.

5 ÁíÜðôõãìá Taylor

Áí f åßíáé ìéá áðåßñùò ðáñáãùãßóéìç óõíÜñôçóç ôüôå ôï áíÜðôõãìá Taylor ôçò
óõíÜñôçóçò êÝíôñïõ x0 åßíáé ôï:

f(x0) +
f (1)(x0)

1!
(x− x0)

1 +
f (2)(x0)

2!
(x− x0)

2 +
f (3)(x0)

3!
(x− x0)

3 + : : :

¼ðïõ f (n) åßíáé n-ïóôç ðáñÜãùãïò ôçò f . Ôï áíÜðôõãìá ìÝ÷ñé êáé ôï âáèìü n

ëÝãåôáé ðïëõþíõìï Taylor âáèìïý n ôçò f . Éó÷ýåé üôé

f(x) = f(x0) +
f (1)(x0)

1!
(x− x0) +

f (2)(x0)

2!
(x− x0)

2 +
f (3)(x0)

3!
(x− x0)

3 + : : :

ÄçëáäÞ ç óõíÜñôçóç ðñïóåããßæåôáé áðü ôï áíÜðôõãìá Taylor ôçò. Áí x0 ôüôå
Ý÷ïõìå üôé ôï áíÜðôõãìá åßíáé ßóï ìå

f(0) +
f (1)(0)

1!
x+

f (2)(0)

2!
x2 +

f (3)(0)

3!
x3 + : : :

êáé ëÝãåôáé óåéñÜ Maclaurent ôçò f . Áí óôáìáôÞóïõìå óôïí ðñùôïâÜèìéï üñï
ôüôå ëÝìå üôé Ý÷ïõìå ôç ãñáììéêïðïßçóç ôçò f óôï óçìåßï x0.

Ãéá ðáñÜäåéãìá áí f(x) = ex êáé x0 = 0, ôüôå: f (n)(x) = ex êáé óõíåðþò
f (n)(0) = 1, Üñá ôï áíÜðôõãìá Taylor åßíáé:

ex = f(x0) +
1

1!
x+

1

2!
x2 +

3

3!
x3 + : : :

¢óêçóç 5.1 Íá âñåèåß ôï áíÜðôõãìá Taylor ôçò f(x) = cosx óôï x0 = 0.

¢óêçóç 5.2 Íá âñåèåß ôï áíÜðôõãìá Taylor ôçò f(x) = sinx óôï x0 = 0.

¢óêçóç 5.3 Íá âñåèåß ôï áíÜðôõãìá Taylor ôçò f(x) = xex óôï x0 = 0.

¢óêçóç 5.4 Íá âñåèåß ãñáììéêïðïßçóç ôçò f(x) =
√
x+ 1+sinx óôï x0 = 0.
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